This paper considers the inverse problem of scattering of time-harmonic acoustic and electromagnetic plane waves by bounded, inhomogeneous, penetrable obstacles in a homogeneous background medium. A new method is proposed to prove the unique determination of the penetrable, inhomogeneous obstacle from the far-field pattern for all incident plane waves at a fixed frequency. Our method is based on constructing a well-posed interior transmission problem in a small domain associated with the Helmholtz or modified Helmholtz equation and the Maxwell or modified Maxwell equations, where a key role is played by the fact that the domain is small, which ensures, for the previously unresolved case with the transmission coefficient λ = 1 or λ H = 1, that the lowest transmission eigenvalue is large so that a given wave number k is not an eigenvalue of the interior transmission problem. Another ingredient in our proofs is a priori estimates of solutions to the transmission scattering problems with boundary data in L p (1 < p < 2), which are established in this paper by using the integral equation method. A main feature of the new method is that it can deal with the acoustic and electromagnetic cases in a unified way and can be easily applied to deal with inverse scattering by unbounded rough interfaces.
Introduction
Consider the problem of scattering of a time-harmonic acoustic plane wave by an inhomogeneous penetrable obstacle surrounded in a homogeneous background medium. Let the bounded penetrable obstacle be denoted by D in R 3 with a smooth boundary ∂D ∈ C 2 and an inhomogeneous refractive index n ∈ L ∞ (D) such that Re[n(x)] > 0 and Im[n(x)] ≥ 0. Then the scattering problem is modeled by where λ > 0 is the transmission coefficient depending on the properties of the media in D and D e , u := u i + u s denotes the total field in D e = R 3 \ D, u i = e ikx·d is the incident plane wave, u s is the scattered wave, and ν is the unit normal on ∂D directed into the exterior of D. Here, the wave number k > 0 is given by k = ω/c with the frequency ω > 0 and the sound speed c > 0 and d ∈ S 2 is the incident direction. The condition (1.4) is referred to the Sommerfeld radiation condition which allows the following asymptotic behavior of the scattered field u s :
uniformly in all directions x = x/|x| ∈ S 2 , where u ∞ is defined on the unit sphere S 2 and known as the far field pattern of the scattered field u s . We also consider the problem of scattering of a time-harmonic electromagnetic plane wave by the inhomogeneous penetrable obstacle D surrounded in a homogeneous background medium. This problem can be formulated as follows: 6) curl G − ikF = 0, curl F + ikn(x)G = 0 in D, (1.7) where E, G are the electric fields, H, F are the magnetic fields, E = E i + E s and H = H i + H s in R 3 \ D with the incident plane wave
Here, λ H = µ 0 /µ 1 , k 2 = ω 2 ε 0 µ 0 is the wave number, n = (ε 1 + iσ 1 /ω)µ 1 /(ε 0 µ 0 ) is the refractive index in the inhomogeneous penetrable obstacle D with electric permittivity ε 1 , magnetic permeability µ 1 and electric conductivity σ 1 ≥ 0 differing from the electric permittivity ε 0 , magnetic permeability µ 0 and electric conductivity σ 0 = 0 of the surrounding medium D e , d is the incident direction and p is the polarization vector. In addition, the condition (1.9) is known as the Silver-Müller radiation condition, which leas to the asymptotic behaviors: uniformly for all x = x/|x| ∈ S 2 , where E ∞ and H ∞ (= x × E ∞ ) defined on S 2 are called the far field patterns of the electric field E s and the magnetic field H s , respectively. The existence of a unique solution to the transmission scattering problems (1.1)-(1.4) and (1.6)-(1.9) can be established by the variational approach or integral equation methods [25, 26, 27, 28, 29] . In this paper, we will assume that the transmission scattering problems (1.1)-(1.4) and (1.6)-(1.9) are well-posed and study the inverse scattering problem: given k, λ or λ H , determine the obstacle D and the refractive index n from a knowledge of u ∞ ( x; d) or E ∞ ( x; d; p) for all x, d ∈ S 2 and p ∈ R 3 . After the penetrable obstacle D is uniquely determined, the unique identification of the refractive index n can be established easily by using the ideas from [10, 17, 35, 36] . Thus, in this paper we only consider the inverse problem of determining the obstacle D from the far-field data without knowing n in advance.
The first uniqueness result for penetrable obstacles was established by Isakov [19] in 1990. The idea is to construct singular solutions of the scattering problem with respect to two different penetrable obstacles with identical far-field patterns, based on the variational method. In 1993, Kirsch and Kress [23] greatly simplified the method of Isakov by using the integral equation technique to establish a priori estimates of the solution on some part of the interface ∂D. In [23] the method was also extended to the case of Neumann boundary conditions (corresponding to impenetrable, sound-hard obstacles). Since then, the idea has been extensively studied and applied to establish uniqueness results for many other inverse scattering problems with transmission or conductive boundary conditions as well as other boundary conditions (see, e.g., [12, 14, 20, 24, 25, 27, 29, 31, 37] and the references quoted there).
The idea has also been extended to establish uniqueness results for inverse electromagnetic scattering problems by a penetrable, inhomogeneous, isotropic obstacle D in [16] under the condition that the boundary ∂D is in C 2,α with 0 < α < 1, the refractive index n ∈ C 1,α (D) is a constant near the boundary ∂D and Im(n(x 0 )) > 0 for some x 0 ∈ D, by a penetrable, homogeneous, isotropic obstacle coated with a thin conductive layer in [14] , and by a penetrable, homogeneous, isotropic obstacle D with buried obstacles in [26] under the condition that n is a complex constant with positive imaginary part in D. However, it is difficult to extend the method to the case of inhomogeneous, anisotropic media. To overcome this difficulty, in [18] Hähner introduced a different technique to prove the unique determination of a penetrable, inhomogeneous, anisotropic obstacle D from a knowledge of the scattered near-fields for all incident plane acoustic waves. The method of Hähner is based on a study of the existence, uniqueness and regularity of solutions to the corresponding interior transmission problem in D. In [2] Cakoni and Colton extended Hähner's idea to deal with the case with a penetrable, inhomogeneous, anisotropic obstacle possibly partly coated with a thin layer of a highly conductive material. It seems difficult to apply the idea in [2, 18] to the case with multi-layered obstacles. Recently in [11] , Elschner and Hu considered the inverse transmission scattering problem by a two-dimensional, impenetrable obstacle surrounded by an unknown piecewise homogeneous medium and proved that the far-field patterns for all incident and observation directions at a fixed frequency uniquely determine the unknown surrounding medium as well as the impenetrable obstacle. Their method is based on constructing the Green function to a two-dimensional elliptic equation with piecewise constant leading coefficients associated with the direct scattering problem and studying the singularity of the Green function when the point source position approaches the interfaces and the impenetrable obstacle. The method in [11] also works for the three-dimensional case and the case with periodic structures. However, the method is difficult to be extended to the case of Maxwell's equations.
It should be pointed out that all the above uniqueness results were obtained under the assumption that the transmission coefficient λ = 1 or λ H = 1 for the isotropic case or the matrix characterizing the anisotropic medium is different from the identity matrix I. In this paper, we propose a new technique to deal with the case when λ = 1 or λ H = 1 and prove that the penetrable obstacle D can be uniquely determined from the far-field data for all incident plane waves at a fixed frequency for this case. Our method is based on the construction of a wellposed interior transmission problem in a small domain inside D associated with the Helmholtz or Maxwell equations. Here, a key role is played by the smallness of the domain which ensures, for the case λ = 1 or λ H = 1, that the lowest transmission eigenvalue is large so that a given wave number k is not an eigenvalue of the constructed interior transmission problem. This is different from the method used in [2, 18] , where the interior transmission problem considered is defined in the whole penetrable obstacle D and may have interior transmission eigenvalues, so the case λ = 1 or λ H = 1 is excluded. For the case λ = 1 or λ H = 1, our method gives a simplified proof. Furthermore, our method is also extended to the electromagnetic case in Section 3 and to the case of unbounded interfaces in [30] .
It is well known that the existence and distribution of the eigenvalues of interior transmission problems play an important role in the linear sampling method [3] and the factorization method [22] . Thus, the existence and computation of the eigenvalues of interior transmission problems have been extensively studied recently (see, e.g. [3, 4, 5, 6, 34] and the references there). In particular, it was proved in [4] that the lowest transmission eigenvalue trends to infinity as the radius of the domain in which the interior transmission problem is defined trends to zero. Thus, for a given wave number k the domain can be taken to be small enough so that k is not an eigenvalue of the interior transmission problem. Our method is motivated by this observation.
The remaining part of the paper is organized as follows. In Sections 2 and 3 we consider the inverse acoustic and electromagnetic scattering problems by penetrable obstacles, respectively. In the appendix, we utilize the integral equation method to establish a priori estimates of solutions to the acoustic and electromagnetic transmission problems with boundary values in L p (1 < p < 2), which are used in our uniqueness proofs of the inverse scattering problems. It is expected that these a priori estimates are also useful in other applications.
The inverse acoustic scattering problem
In this section we introduce the new technique to prove the unique determination of the inhomogeneous penetrable obstacle D from the far-field pattern u ∞ ( x; d) for all x, d ∈ S 2 . Our method is based on constructing a well-posed interior transmission problem in a small domain associated with the Helmholtz or modified Helmholtz equation. Here, a key role is played by the smallness of the domain which ensures that the given wave number k is not a transmission eigenvalue of the constructed interior transmission problem for the case λ = 1. It should be noted that all the previous methods do not work for the case λ = 1. For the case λ = 1 which has been considered previously, our method gives a simplified proof. Furthermore, our method also works for the electromagnetic case, as shown in the next section, and for the case of unbounded interfaces, as seen in [30] .
Interior transmission problems
Let Ω ⊂ R 3 be a simply connected and bounded domain with ∂Ω ∈ C 2 . If λ = 1 we consider the following interior transmission problem (ITP):
2)
where f 1 ∈ H 1/2 (∂Ω) and f 2 ∈ H −1/2 (∂Ω). This problem has been studied in [4] . Let w := U − V . Then it is easy to see that w satisfies the fourth-order equation
with the boundary conditions γ 0 w = f 1 and γ 1 w = f 2 . Here, γ j (j = 0, 1) denotes the jth-order trace operator. Define the Hilbert space
with the norm w 2
. Using the Green's theorem, we easily prove
We assume that the data f 1 ∈ H 1/2 (∂Ω) and f 2 ∈ H −1/2 (∂Ω) satisfy the condition (C): there exists a w 0 ∈ H 1 ∆ (Ω) such that γ 0 w 0 = f 1 , γ 1 w 0 = f 2 and
Then the interior transmission problem (ITP) is equivalent to the variational problem: Find w ∈ H 1 ∆ (Ω) with γ 0 w = f 1 and
Let w := w − w 0 ∈ H 2 0 (Ω). Then the variational problem (2.6) is equivalent to the problem:
Based on (2.7), the following result can be established (see [4] for a proof).
where r 0 , r 1 > 0 and λ 1 (Ω) is the first Dirichlet eigenvalue of the operator −△ in Ω.
By Lemma 2.1 the following result can be easily obtained.
Proof. For any fixed k > 0, if the diameter of Ω is small enough so that k 2 < min{λ 1 (Ω), λ 1 (Ω)/ sup(n)}, then, by Lemma 2.1 it follows that
This, together with the Lax-Milgram theorem, implies that the variational problem (2.7) has a unique solution w ∈ H 2 0 (Ω) satisfying the estimate
. (2.9)
, is the unique solution to the interior transmission problem (ITP). The estimate (2.8) follows easily from (2.9) and the fact that w = w + w 0 .
If λ = 1 we consider the following modified interior transmission problem (MITP):
in Ω, (2.11)
where
. This problem has been studied in [3] , and the following result was obtained (see [3, Theorem 6.7] ).
Uniqueness of the inverse problem
Based on Corollary 2.2 and Lemma 2.3, we can establish the following global uniqueness result for the inverse acoustic scattering problem. 
Proof. Assume that D = D. Without loss of generality, choose z * ∈ ∂D \ ∂ D and define 
where G denotes the unbounded component of
satisfies the modified interior transmission problem (MITP) with Ω = D 0 and
From (2.13) it is clear that f 1 (j) = f 2 (j) = 0 on Γ 1 := ∂D 0 ∩∂D. Since z * has a positive distance from D, the well-posedness of the scattering problem (1.1)-(1.4) implies that
We now prove that f 1 (j) and f 2 (j) are uniformly bounded in H 1/2 (∂D 0 ) and
respectively, for j ∈ N. To this end, define
and is a solution to the problem
. It follows from [13, Theorem 9.13] that
uniformly for j ∈ N. Since f 1 (j) = w j ∂D 0 and
it easily follows, by using (2.14), (2.15) and the fact that
, respectively, for j ∈ N. Thus, by Lemma 2.3 we have
However, this is a contradiction since
Case 2: λ = 1. In this case, we use the incident point source of higher-order:
where a ∈ R 3 is a fixed vector, and let (u j , v j ) and ( u j , v j ) be the unique solution to the transmission scattering problem (1.1)-(1.4) with respect to D with refractive index n and D with refractive index n, respectively, corresponding to the incident wave u i (x) = u i j (x). Similarly as in Case 1, by Rellich's lemma and the denseness result [7, Theorems 5.4 and 5.5], it again follows, from the assumption
satisfies the interior transmission problem (ITP) with Ω = D 0 and
In order to utilize Corollary 2.2 to derive a contradiction, we need to verify that f 1 (j), f 2 (j) satisfy the condition (C). To this end, we choose a cut-off function χ ∈ C ∞ 0 (R 3 ) such that
where B 1 is a small ball centered at z * satisfying that B 1 B. Define the function
It is easy to see that
We now prove that w 0 (j) H 1 △ (D 0 ) is uniformly bounded for j ∈ N. Since z * has a positive distance from D, we have, by the well-posedness of the scattering problem (1.1)-(1.4), that
uniformly for j ∈ N. It further follows from Theorem A.4 that
uniformly for j ∈ N. This, combined with (2.17), yields that
In view of (2.19) the first and second terms are uniformly bounded in 
This, together with the fact that χ|
This combined with (2.19) gives the uniform boundedness of w 0 (j) H 1 △ (D 0 ) . Thus, f 1 (j), f 2 (j) satisfy the condition (C). It is well known that the smallest Dirichlet eigenvalue λ 1 (D 0 ) of −△ in D 0 tends to +∞ as the diameter ρ of D 0 goes to zero. Thus, D 0 can be chosen such that its diameter ρ is sufficiently small so
uniformly for j ∈ N. On choosing a = ν(z * ), it is easy to see that (ii) The method can be easily extended to the case of multi-layered media with or without buried obstacles. In particular, for the case with buried obstacles, the method can be used in conjunction with the technique in [25] to establish a uniqueness result on the simultaneous identification of the interfaces and buried obstacles.
The inverse electromagnetic scattering problem
In this section, we apply the technique introduced in Section 2 to obtain similar uniqueness results for the inverse electromagnetic scattering by penetrable obstacles. To this end, we introduce the interior transmission problems for the time-harmonic Maxwell equations.
Interior transmission problems
For the case λ H = µ 0 /µ 1 = 1, we consider the interior transmission problem (ITPM):
To study the well-posedness of the above problem (ITPM), we introduce the Hilbert spaces
with the inner product
, and the Hilbert spaces
We also need the following assumption (H): the data (h 1 , h 2 ) satisfies that there always exists a w ∈ U (Ω) such that
Define the set τ (∂Ω) which consists of (h 1 , h 2 ) satisfying the property (3.5) and is equipped with the norm
is called a weak solution of the interior transmission problem (ITPM).
It is easy to see that the interior transmission problem (ITPM) is equivalent to the variational problem: Find u ∈ U with the boundary condition (3.7) such that
Let u := u − w. Then u ∈ U 0 (Ω) and (3.8) is equivalent to the problem
Based on (3.9), the following result can be obtained (see [4] ).
By Lemma 3.2 we have the following corollary.
Proof. It is clear that −b(w, v) defines a bounded, linear functional on U 0 (Ω). By Lemma 3.2 and the Lax-Milgram theorem, it is easy to see that there exists a unique solution u ∈ U 0 (Ω) such that
where C > 0 is independent of the choice of w. This, combined with the fact that u = u + w, gives
which implies that
.
and satisfies the the interior transmission problem (ITPM) with the estimate (3.10).
In the case λ H = µ 0 /µ 1 = 1, we consider the modified interior transmission problem (MITPM):
12) 14) where
Here,
denotes the trace space of H(curl , Ω). 
Uniqueness of the inverse problem
We now make use of Corollary 3.3 and Lemma 3.4 to establish the following global uniqueness result for the inverse electromagnetic scattering problem.
Theorem 3.5. Given k > 0, let E ∞ ( x; d; p) and E ∞ ( x; d; p) be the electric far-field patterns with respect to the scattering problem (1.6) − (1.9) with the penetrable obstacles D with the refractive index n ∈ C 1 (D) and D with the refractive index n ∈ C 1 ( D), respectively. If
Proof. Assume that D = D. Without loss of generality, choose z * ∈ ∂D \ ∂ D and define
with a sufficiently small δ > 0 such that z j ∈ B, where B denotes a small ball centered at z * and satisfies that B ∩ D = ∅. See Fig. 1 . It is easy to see that the scattering problem (1.6)-(1.9) can be reformulated in terms of the electric fields E and G as:
with E = E i + E s in R 3 \ D and the Silver-Müller radiation condition
Case 1: λ H = µ 0 /µ 1 = 1. We consider the incident magnetic dipole wave in the form
with polarization p ∈ R 3 . Let (E j , G j ) and ( E j , G j ) be the unique solution of the scattering problem (3.15)-(3.19) with respect to D with refractive index n and D with refractive index n, respectively, corresponding to the incident magnetic dipole E i j (x). From the assumption E ∞ ( x; d; p) = E ∞ ( x; d; p) for all x, d ∈ S 2 and all polarizations p ∈ R 3 , and by using Rellich's lemma and the denseness results, it follows that 20) where G 0 denotes the unbounded component of
Since z * ∈ ∂D \ D and ∂D ∈ C 2 , we can choose a small C 2 -smooth domain D 0 such that
. Then E 0 (j) and F 0 (j) satisfy the modified interior transmission problem (MITPM) with Ω = D 0 and
From (3.20) and the transmission conditions on ∂D, it is easily seen that h 1 (j) = h 2 (j) = 0 on Γ 1 := ∂D 0 ∩ ∂D. Further, from the well-posedness of the scattering problem (1.6)-(1.9), and in view of the positive distance from z * to D, we know that
where C is independent of j ∈ N. Noting that E i j L 2 (D 0 ) is uniformly bounded for all j ∈ N, and by (3.21), we deduce that ξ 2 (j) is bounded in L 2 (D 0 ) uniformly for all j ∈ N. Moreover, by Theorem B.1 it follows that
uniformly for j ∈ N, and by (3.21) E j − G j and E j − λ H G j are bounded in H(curl , D 0 \ B z * ) uniformly for j ∈ N. Then, by the trace theorem and the fact that h 1 (j) = h 2 (j) = 0 on Γ 1 , we have
by Lemma 3.4 it is derived that
Obviously, the second term II is uniformly bounded due to the boundedness of
Without loss of generality, we assume that z * = (0, 0, 0) and ν(z * ) = (0, 0, 1) (in fact, other cases can be easily transformed into this one by a linear transformation). Then we have
This implies that E i j H(curl ,D 0 ) → ∞ as j → ∞. However, this is a contradiction since E s j H(curl ,D 0 ) is uniformly bounded for all j ∈ N. Therefore, we have D = D.
Case 2: λ H = µ 0 /µ 1 = 1. In this case, we consider the incident magnetic dipole wave
with p ∈ R 3 . Let (E j , G j ) and ( E j , G j ) denote the unique solution to the scattering problem (3.15)-(3.19) with respect to D with refractive index n and D with refractive index n, respectively, corresponding to the incident magnetic dipole E i j (x). Similarly as in Case 1, we have, from the assumption E ∞ ( x; d; p) = E ∞ ( x; d; p) for all x, d ∈ S 2 and all polarizations p ∈ R 3 , that
satisfies the interior transmission problem (ITPM) with Ω = D 0 and
Here, B 1 B is a small ball centered at z * . Define W (j) :
Since z * has a positive distance from D, we then have by the well-posedness of the scattering problem (1.6)-(1.9) (or (3.15)-(3.19)) that
On the other hand, by Theorem B.2 it follows that
for 6/5 ≤ p < 3/2, where C, C 1 are independent of j ∈ N. This, combined with (3.23), yields that
It remains to prove that curl curl W (j) is uniformly bounded in L 2 (D) 3 for j ∈ N. By a direct calculation, we find that
with a(x) := 1 − χ(x). From (3.23) and (3.24) it is seen that the first term ∇a × curl (
. From the Maxwell equations, it is found that
(3.23) and (3.24) imply that the third and forth terms on the right-hand side of the above equation are uniformly bounded in L 2 (D 0 ) for j ∈ N. For the first and second terms, since ∇a| B 1 = 0, we only need to show that ∇(G j − E j ) and div (G j − E j ) are uniformly bounded in L 2 (D 0 \ B 1 ). First, from (B.16) in Appendix B it is noted that
This, together with the estimate
where C is independent of j ∈ N.
Similarly as in the acoustic case, D 0 can be chosen so that k 2 < min{λ 1 (D 0 ), λ 1 (D 0 )/ sup(n)}. It then follows from (3.27) and Lemma 3.2 that
The proof is thus completed.
Remark 3.6. (i) The method can be applied to improve the uniqueness result in [17] by relaxing the smoothness requirement on the boundary ∂D and the refractive index n (∂D ∈ C 2 instead of ∂D ∈ C 2,α and n ∈ C 1 (D) instead of n ∈ C 1,α (D), where 0 < α < 1) and by removing the assumption that the refractive index n is a constant near the boundary ∂D and Im(n(x 0 )) > 0 for some x 0 ∈ D.
(ii) The method can be easily extended to the case of multi-layered media with or without buried obstacles. In particular, for the case with buried obstacles, the method can be used in conjunction with the technique in [26] to establish a uniqueness result on the simultaneous identification of the interface and the buried obstacle without the assumption that the refractive index n is a constant with Im(n) > 0 in D.
Appendix. A priori estimates for the transmission problems with boundary values in L p
In this appendix, we establish a priori estimates for the acoustic and electromagnetic transmission problems with boundary values in L p (1 < p < 2), employing the integral equation method. These a priori estimates play an important part in the uniqueness proofs of the inverse transmission problems in the previous sections. These a priori estimates are also interesting on their own right.
A The acoustic transmission problem
We first establish the a priori estimates of solutions of the acoustic transmission problem
where f 1 , f 2 ∈ L p (∂D) with 1 < p < 2 and γ = 1/λ. We introduce the single-and double-layer boundary operators
and the their normal derivative operators
It follows from [32, Lemma 9] and [33, Lemma 1] that the operators S, K, K ′ and T are bounded in L q (∂D) (1 < q < ∞), and moreover, the operators S, K, K ′ are also compact in L q (∂D) (1 < q < ∞).
Proof.
Step 1. Assume that k 2 n(x) ≡ k 2 1 > 0 is a constant. Then we seek a solution of the problem (A.1)-(A.4) in the form
where Φ(x, y) = exp(ik|x − y|)/(4π|x − y|) and Φ 1 (x, y) = exp(ik 1 |x − y|)/(4π|x − y|). Then, by the jump relations of the layer potentials (see [33] for the case in L p and [7, 8] for the case in spaces of continuous functions), the transmission problem (A.1)-(A.4) can be reduced to the system of integral equations
where h := 2/(1 + γ) and the operator L is given by
Here, the operators S 1 , K 1 , K ′ 1 and T 1 are defined similarly as S, K, K ′ and T with the kernel Φ(x, y) replaced by Φ 1 (x, y). It is easy to see that (A.8) is of Fredholm type since the operators
. This, together with the uniqueness of the scattering problem (1.1)-(1.4), implies that (A.8) has a unique solution
Therefore, we obtain that
with 1/p + 1/q = 1. Here, we have used the fact that the volume potential operator is bounded from L 2 (D) into W 2,2 (D) (see [13, Theorem 9.9] ), and the boundary trace operator is bounded from W 1,2 (D) into L q (∂D) for 2 ≤ q ≤ 4 (see [1, Theorem 5.36] ). Then the desired estimate (A.5) follows from (A.6)-(A.7) and (A.9)-(A.11) in the case when k 2 n(x) ≡ k 2 1 .
Step 2. For the general case n ∈ L ∞ (D), we consider the following problem
on ∂D, (A.14)
where g := (k 2 1 −k 2 n(x)) w 2 ∈ L 2 (D) and ( w 1 , w 2 ) denotes the solution of the problem (A.1)-(A.4) with k 2 n(x) ≡ k 2 1 . By
Step 1, we have
By using the variational method, it can be easily proved that for every g ∈ L 2 (D) the problem (A.12)-(A.15) has a unique solution
Define w 1 := W 1 + w 1 and w 2 := W 2 + w 2 . Then from (A.16) and (A.17) it follows that 
uniformly for j ∈ N.
Proof. Let w 1j := u s j − Φ(x, y j ) and w 2j := λv j with y j := z * − (δ/j)ν(z * ) ∈ D. Then (w 1 , w 2 ) satisfies the problem (A.1)-(A.4) with
Obviously, f 1j ∈ L p (∂D) is uniformly bounded for j ∈ N, where 1 < p < 2. Further, from [9, Lemma 4.2] it is seen that f 2j ∈ C(∂D) is uniformly bounded for j ∈ N, so f 2j ∈ L p (∂D) is uniformly bounded for j ∈ N, where 1 < p < 2. The estimate (A.18) then follows from Theorem A.1.
Remark A.3. In the two-dimensional case, Corollary A.2 remains true with the estimate (A.18) replaced by the following one: .19) uniformly for j ∈ N. In fact, in this case, the fundamental solution of the Helmholtz equation △u + k 2 u = 0 is given by
where H
0 is a Hankel function of the first kind of order zero and has the logarithmic singularity. This implies that f 1j and f 2j defined in the proof of Corollary A.2 are uniformly bounded in L 2 (∂D). Then, by (A.9) the solution (ψ, φ) T of (A.8) satisfies the estimate .20) uniformly for j ∈ N. On the other hand, w 2 given by (A.7) satisfies the boundary value problem
It is easy to prove that the above boundary value problem has a unique solution w ∈ H 1 (D) such that 
for every p with 6/5 ≤ p < 2.
Proof. Since u i satisfies the Helmholtz equation △u i + k 2 u i = 0 in D, it follows from the Green's theorem that the transmission problem (1.1)-(1.4) is equivalent to the Lippmann-Schwinger equation
Define the operator T :
Then we have
It follows from [13, Theorem 9.9] 
From this and the embedding result that W 2,p (D) ֒→ H 1 (D) for 6/5 ≤ p < 2, the required estimate (A.21) follows.
B The electromagnetic transmission problem
We now establish a priori estimates for the electromagnetic transmission problem (1.6)-(1.9) with
, which is used in the proof of Theorem 3.5.
Introduce the magnetic dipole operator M and the electric dipole operator N by
Similarly, we also introduce the operators M 1 and N 1 which are defined as M and N with the kernel Φ(x, y) replaced by Φ 1 (x, y).
Theorem B.1. Assume that λ H = µ 0 /µ 1 = 1. For z * ∈ ∂D let B z * be a small ball centered at z * . Let z ∈ B z * ∩ (R 3 \ D) and let (E, G) be the solution of the transmission problem (1.6) − (1.9) corresponding to the incident magnetic dipole
where C > 0 is a constant and independent of z.
Proof. To prove (B.1), define
with the radiation condition (1.6), where
Step 1. We first consider the case k 2 n(x) ≡ k 2 1 . In this case, g = 0, and we seek the solution of the problem (TP1) in the form
with tangential fields a and b. Then the problem (TP1) is equivalent to the following system of integral equations:
with P c := ν × c. It is easy to see that f 1 ∈ T 2 (∂D) and f 2 ∈ T 2 (∂D). Further, from the identity
Since ∂D ∈ C 2 , it follows from [21] or [32] that the operators M, M 1 and (N − N 1 )P are compact in T 2 (∂D) and T 2 d (∂D). Thus, the system (B.6)-(B.7) is of Fredholm type in the space T 2 (∂D)×T 2 d (∂D). This, together with the uniqueness of the transmission problem (TP1), implies that the system (B.6)-(B.7) has a unique solution (a, b) ∈ T 2 (∂D) × T 2 d (∂D) with the estimate
We now split G 1 into two parts G
1 and G
1 , given by
1 (x) = curl curl ∂D b(y)Φ 1 (x, y)ds(y), x ∈ D.
Then G 1 = µ 1 G
1 + G
1 . Moreover, by the properties of M 1 and N 1 , we have
It is easy to see that G
1 ∈ L 2 (D), G
1 ∈ H(curl , D) and with W satisfying the radiation condition (1.9), where g 1 = g + (k 2 n − k 2 1 ) G 1 ∈ L 2 (D) 3 and ( E s , G 1 ) is a solution of the transmission problem (IT1) with k 2 n(x) ≡ k 2 1 . By Step 1 we have 14) where C > 0 is a constant and independent of z. By the variational method, it is easy to show that the problem (TP2) admits a unique solution (W, W 1 ) ∈ H loc (curl , D) × H(curl , D) with Theorem B.2. Assume that n ∈ C 1 (D) and λ H = µ 0 /µ 1 = 1. For z * ∈ ∂D let B z * be a small ball centered at z * . Let z ∈ B z * ∩ (R 3 \ D) and Let (E, G) be the solution of the transmission problem (1.6)−(1.9) corresponding to the incident magnetic dipole E i (x) = curl (pΦ(x, z)). Then G ∈ L p (D), G s := G − E i ∈ H(curl , D) and
for every 6/5 ≤ p < 3/2, where C > 0 is independent of z.
Proof. Since curl (pΦ(x, z)) satisfies the Maxwell equation curl curl E i − k 2 E i = 0 in D, it follows from Green's theorem that the transmission problem (1.6)-(1.9) is equivalent to the integral equation From (B.16) it is easily seen that
since 6/5 ≤ p < 3/2. Further, by the identity curl grad = 0, we have
Thus we deduce that
The proof is then completed by combining (B.17) and (B.18).
